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The electron dynamics in the classically forbidden region during relativistic tunnel-ionization is investigated.
The classical forbidden region in the relativistic regime is identified by defining a gauge invariant total energy
operator. Introducing position dependent energy levels inside the tunneling barrier, we demonstrate that the
relativistic tunnel-ionization can be well described by a one-dimensional intuitive picture. This picture predicts
that, in contrast to the well-known nonrelativistic regime, the ionized electron wave packet arises with a
momentum shift along the laser’s propagation direction. This is compatible with results from a strong field
approximation calculation where the binding potential is assumed to be zero-ranged. Further, the tunneling time
delay, stemming from Wigner’s definition, is investigated for model configurations of tunneling and compared
with results obtained from the exact propagator. By adapting Wigner’s time delay definition to the ionization
process, the tunneling time is investigated in the deep-tunneling and in the near-threshold-tunneling regimes. It
is shown that while in the deep-tunneling regime signatures of the tunneling time delay are not measurable at
remote distance, it is detectable, however, in the latter regime.
PACS numbers: 32.80.Rm, 31.30.J-, 03.65.Xp
I. INTRODUCTION
The investigation of relativistic regimes of laser-atom in-
teractions, in particular the strong field ionization of highly
charged ions [1–8], is feasible with current laser technology
[9, 10]. Strong field multiphoton atomic processes in the rela-
tivistic domain are governed by three parameters [11] which
can be chosen to be the Keldysh parameter γ = ω
√
2Ip/E0
[12], the barrier suppression parameter E0/Ea, and the rela-
tivistic laser field parameter ξ = E0/(cω), with the ionization
potential Ip, the atomic field Ea = (2Ip)3/2, the laser’s electric
field amplitude E0, the angular frequency ω, and the speed of
light c (atomic units are used throughout). At small Keldysh pa-
rameters (γ  1) the laser field can be treated as quasistatic and
the ionization is in the so-called tunneling regime up to intensi-
ties with E0/Ea . 1/10, while for higher intensities over-the-
barrier ionization dominates [13]. In the nonrelativistic case,
the quasistatic tunnel-ionization is a well-established mecha-
nism which is incorporated as a first step in the well-known
simple-man three-step model of strong field multiphoton ion-
ization [14]. In the first step of this intuitive picture the bound
electron tunnels out through the effective potential barrier gov-
erned by the atomic potential V(x) and the scalar potential of
the quasistatic laser field as Vbarrier(x) = x ·E(t0) +V(x), where
t0 indicates the moment of quasistatic tunneling. In nonrela-
tivistic settings, the effect of the magnetic field component of
the laser field can be neglected and the quasistatic laser field is
described solely in terms of the scalar potential x · E(t0). In the
second step the ionized electron propagates in the continuum
quasiclassically and the third step is a potential recollision of
the laser driven electron with the ionic core that will not be
considered here.
When entering the relativistic regime at ξ2 & 1, however, the
laser’s magnetic field modifies the second step via an induced
drift motion of the continuum electron into the laser propa-
gation direction. For even stronger laser fields, that is when
Ip/c2 ∼ γ2ξ2 ∼ 1, the laser’s magnetic field can also not be
neglected anymore during the first step. Here, the description
by a sole scalar potential Vbarrier(x) is not valid anymore and
the intuitive picture of tunneling fails. The presence of a vector
potential which generates the associated magnetic field led to a
controversy over the effective potential barrier [? ]. Hence we
ask, can the tunneling picture be remedied for the application
in the relativistic regime and can it be formulated in a gauge-
independent form? These questions are addressed in this paper
and it is shown that for a quasistatic electromagnetic wave, it is
possible to define a total energy operator where the tunneling
barrier can be identified without ambiguity in any gauge.
A further interesting and controversial aspect of tunneling
and hence tunnel-ionization is the issue of whether the mo-
tion of the particle under the barrier is instantaneous or not.
The question of whether the tunneling phenomenon confronts
special theory of relativity has been raised [15]. The main
difficulty in the definition of the tunneling time delay is due to
the lack of a well-defined time operator in quantum mechanics.
For the generic problem of the tunneling time [16] different
definitions have been proposed and the discussion of their rele-
vance still continues [17? –24]. Recent interest to this problem
has been renewed by a unique opportunity offered by attosec-
ond angular streaking techniques for measuring the tunneling
time during laser-induced tunnel-ionization [25–28]. Here we
investigate the tunneling time problem for ionization in nonrel-
ativistic as well as in relativistic settings. For tunnel-ionization
by electromagnetic fields there is a direct relationship of the
tunneling time to the shift in coordinate space of the ionized
electron wave packet in the laser’s propagation direction at
the appearance in the continuum [29]. Within the quasiclas-
sical description, using either the Wentzel-Kramers-Brillouin
(WKB) approximation or a path integration in the Euclidean
space-time along the imaginary time axis [30–34], the under-
the-barrier motion is instantaneous. Thus, we address the time
delay problem by going beyond the quasiclassical description.
In the present paper, we adopt Wigner’s approach to the tunnel-
ing time [17–19] which, in simple terms, allows to follow the
peak of the tunneled wave packet. We find conditions when
a non-vanishing Wigner time delay under the barrier for the
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2tunnel-ionization is expected to be measurable by attosecond
angular streaking techniques.
One of the theoretical tools applied in this paper is the rela-
tivistic strong field approximation (SFA) [35, 36]. Neglecting
the atomic potential for the continuum electron and approximat-
ing its dynamics with a Volkov state is the main approximation
of the SFA [12, 37, 38]. Consequently, the prediction of the
SFA is much more accurate for a zero-range potential than for
a more realistic long-range potential as the Coulomb poten-
tial. SFA calculations for the tunnel-ionization modeled with a
zero-range potential show that there is a momentum shift along
the laser’s propagation direction due to the tunneling step. We
find that this shift can also be estimated via a WKB analysis
when a Coulomb potential is used and that it is measurable in
a detector after the laser field has been turned off.
The structure of the paper is the following. In Sec. II the
parameter domain of the relativistic tunneling dynamics is esti-
mated. In Sec. III gauge invariance in quantum mechanics is
discussed and the gauge independence of the tunneling barrier
is established in nonrelativistic as well as in relativistic settings.
The intuitive picture for the tunnel-ionization is discussed in
Sec. IV reducing the full problem to a one-dimensional one.
In Sec. V the SFA formalism is presented and the momen-
tum distribution at the tunnel exit is calculated. In Sec. VI
the tunneling time delay and its corresponding quasiclassical
counterpart are investigated and in Sec. VII it is applied to
tunnel-ionization. Our conclusions and further remarks are
given in Sec. VIII.
II. RELATIVISTIC PARAMETERS
Let us estimate the role of relativistic effects in the tunnel-
ionization regime which is valid for γ  1 and for the intensi-
ties up to E0/Ea < 1/10. The typical velocity of the electron
during the under-the-barrier dynamics can be estimated from
the bound state energy Ip as κ ≡
√
2Ip (for a hydrogenlike ion
with charge Z and Ip = c2 −
√
c4 − Z2c2 in the ground state
it follows κ ∼ Z). The nonrelativistic regime of tunneling is
defined via κ  c. This relation is valid for hydrogenlike ions
with nuclear charge up to Z ∼ 20 where κ/c ∼ 0.14. For ions
with charge Z > 20 the relativistic regime is entered because
the velocity during tunneling is not negligible anymore with
respect to the speed of light. However, even for an extreme
case of U91+ with Z = 92 it is κ/c ∼ 0.6, i. e., the dynamics is
still weakly-relativistic and a Foldy-Wouthuysen expansion of
the relativistic Hamiltonian up to order (κ/c)2 is justified. The
expansion yields
H =
1
2
(
p+
A(η)
c
)2
− φ(η) + V(x) − p
4
8c2
+
σ · B(η)
2c
+ i
σ · (∇ × E(η))
8c2
+
σ · (E(η) × p)
4c2
+
∇ · E(η)
8c2
,
(1)
where V(x) is the binding potential, the four-vector potential
is given by Aµ = (φ(η), A(η)) and the phase of the electromag-
netic wave is η = xµkµ = ω(t − kˆ · x/c), with xµ = (c t, x) and
kµ = ω/c(1, kˆ) and the laser’s propagation direction kˆ.
In the tunneling regime, the typical displacement along the
laser’s propagation direction can be estimated as kˆ · x ∼ kˆ ·
FL τ2K with the Lorentz force FL and the typical ionization time
(Keldysh time) τK = γ/ω = κ/E0. Identifying the Lorentz
force along the laser’s propagation direction as kˆ · FL ∼ κB0/c
(E0 = B0), the typical distance reads kˆ · x ∼ γκ2/(ωc). Hence,
electric as well as magnetic non-dipole terms are negligible
since ω kˆ · x / c ∼ γ (κ/c)2  1, i. e., the typical width
of the electron’s wave packet is small compared to the laser’s
wavelength.
Furthermore, the leading spin term in Eq. (1) is the spin-
magnetic field coupling Hamiltonian HP = σ · B/(2c). Its
order of magnitude can be estimated as HP/κ2 ∼ E0/(cκ2) =
κ/c(E0/Ea). Therefore, in the tunneling regime the spin related
terms and the Darwin term ∇ · E(η)/(8c2) in Eq. (1) can be
neglected because E0/Ea  1. In summary, the electron’s
under-the-barrier dynamics is governed in the Go¨ppert-Mayer
gauge, see Sec. III, by the Hamiltonian
H = H0 + HED + HMD + HRK + HI , (2)
=
1
2
(
p+ x · E(ωt) kˆ
c
)2
− p
4
8c2
+ x · E(ωt) + V(x)
with the free atomic Hamiltonian H0 = p2/2 + V(x), the
electric-dipole HED = x · E(ωt), the magnetic-dipole HMD =
x · E(ωt)p · kˆ/c, the relativistic kinetic energy correction
HRK = −p4/(8c2), and finally HI = (x · E(ωt))2/(2c2). For
the electron’s under-the-barrier dynamics the relative strengths
of the various terms of the Hamiltonian (2) are HED/H0 ∼ 1,
HMD/H0 ∼ (κ/c)2, HRK/H0 ∼ (κ/c)2, and HI/H0 ∼ (κ/c)2
for typical displacements x · E ∼ κ2 along the polarization
direction.
In the reminder of the article, we consider tunnel-ionization
from a Coulomb potential or zero-range potential by a
monochromatic plane wave in the infrared (ω = 0.05 a.u.)
and we use two extreme but feasible sets of parameters which
ensure that we are in the tunneling regime, viz. κ = 90 and
E0/Ea = 1/30 for the deep-tunneling regime and E0/Ea =
1/17 for the near-threshold-tunneling regime. Formal defini-
tions of these two regimes will be given in Sec. VII D.
III. ELECTRODYNAMICS, GAUGE FREEDOM, AND
TUNNELING
In this section we demonstrate how the tunneling barrier in
the presence of electromagnetic fields can be defined in a gauge
invariant manner. For this purpose, we briefly summarize the
gauge theory in the light of [39, 40].
A. Gauge theory
In classical electrodynamics the Maxwell equations allow
to express the physical quantities, the electric and magnetic
3fields, in terms of a scalar potential φ and a vector potential A
E = −∇φ − 1
c
∂tA , (3)
B = ∇ × A . (4)
Gauge invariance is the feature of electrodynamics that any
other pair of a scalar and a vector potential that is related by a
so-called gauge transformation describes the same electromag-
netic fields. More precisely, the transformation
φ→ φ′ = φ − 1
c
∂tχ , (5a)
A→ A′ = A + ∇χ (5b)
induced via the gauge function χ leaves the electric field and
the magnetic field invariant. Consequently, all physically mea-
surable electrodynamic quantities, the Maxwell equations, and
the Lorentz force law are gauge invariant. This means they
do not depend on the choice for the electromagnetic poten-
tials. Furthermore, the Schro¨dinger equation for a particle in
electromagnetic fields is invariant under the transformation
(5) provided that the state vector transforms with the gauge
transformation U = exp (−iχ/c) as
|ψ〉 → U |ψ〉 . (6)
B. Gauge invariant energy operator
Besides the elegance of the gauge theory, all the physical
quantities, i. e., the experimental observables cannot depend on
the choice of the gauge function. Let us discuss if a physical
tunneling potential barrier can be defined in a gauge indepen-
dent manner.
Each physical operator that corresponds to a measurable
quantity must be gauge independent. For example, the canoni-
cal momentum operator p, transforms under the gauge trans-
formation U as
p→ U pU† = p+ 1
c
∇χ , p . (7)
The kinetic momentum q(A) = p+ A/c, however, obeys
q(A)→ UqU† = p+ A′/c = q(A′) . (8)
Here, the canonical momentum p which generates the space
translation and satisfies the canonical commutation relation is
not a physical measurable quantity, it is the kinetic momen-
tum q(A) that is measured in the experiment. In general, any
operator that satisfies the transformation
O(p, x, A, φ)→ UO(p, x, A, φ)U† = O(p, x, A′, φ′) (9)
is called as a physical operator. For instance, the Hamiltonian
for a charge particle interacting with an arbitrary electromag-
netic field in the nonrelativistic regime
H =
(p+ A/c)2
2
− φ (10)
transforms under the gauge transformation as
H → (p+ A
′/c)2
2
− φ . (11)
Hence, it cannot be a physical operator (because φ is not
equally transformed to φ′), while H − i∂/∂t is the physical
operator which guarantees the invariance of the Schro¨dinger
equation under a gauge transformation.
In contrast to the Hamiltonian H, the total energy of a sys-
tem has to be a gauge invariant physical quantity. Therefore,
we have to distinguish two concepts: the Hamiltonian and the
total energy. The Hamiltonian is the generator of the time trans-
lation, while the total energy is defined as a conserved quantity
of the dynamical system under a time translation symmetry
of the Lagrangian. As a consequence, if the Hamiltonian is
explicitly time independent, then the Hamiltonian coincides
with the total energy operator.
For a time independent electromagnetic field there exists a
certain gauge where the Hamiltonian is explicitly time indepen-
dent. The identification of the Hamiltonian as a total energy
operator implies, then, that both the vector potential A and the
scalar potential φ associated to the constant electromagnetic
field have to be time independent. This leads to the fact that
φ = −
∫ x
E(x′) · dx′ (12)
where we have used Eq. (3). In this gauge, the Hamiltonian
which coincides with the total energy operator εˆ in the presence
of any external potential V(x) reads
H = εˆ =
(p+ A(x)/c)2
2
+
∫ x
E(x′) · dx′ + V(x) , (13)
where the time independent vector potential A(x) generates
the associated magnetic field via Eq. (4).
Accordingly, if we identify Eq. (13) as a definition of the
gauge independent total energy operator, it reads in an arbitrary
gauge
εˆ =
(p+ A(x, t)/c)2
2
+
∫ x
E(x′) · dx′ + V(x) , (14)
where we have used the transformation (9). The first term on
the right hand side of (14) is the kinetic energy for an arbi-
trary vector potential A(x, t) that appears in the corresponding
Hamiltonian. The second term should not be regarded as a
scalar potential, but defines the potential energy. The energy
operator (14) fulfills the conservation law
dεˆ
dt
= i [H, εˆ] +
∂εˆ
∂t
= 0 , (15)
which can be prooven in a straightforward calculation. We find
∂εˆ
∂t
=
1
2
(
(p+ A/c) · ∂A
c∂t
+
∂A
c∂t
· (p+ A/c)
)
, (16)
[H, εˆ] =
1
2
(
(p+ A/c) ·
[
p,
∫ x
E · dx′ + φ
]
+
[
p,
∫ x
E · dx′ + φ
]
· (p+ A/c)
)
(17)
4and hence
dεˆ
dt
=
1
2
((
p+
A
c
)
·
(
E + ∇φ + ∂A
c∂t
)
+
(
E + ∇φ + ∂A
c∂t
)
·
(
p+
A
c
))
= 0 (18)
is obtained. The definition (14), then, suggests to introduce the
gauge independent effective potential energy as
Veff(x) =
∫ x
E(x′) · dx′ + V(x) . (19)
In conclusion, the electron dynamics during ionization can
be described as tunneling through a potential barrier if the
total energy of the electron is conserved. Then, the potential
energy and the tunneling barrier can be identified unambigu-
ously. Thus, for ionization in a laser field we have to identify
the quasistatic limit such that the tunneling picture becomes
applicable. The tunnel-ionization regime in a laser field is
determined by the Keldysh parameter γ  1. It defines the
so-called tunneling formation time τK = γ/ω, see Sec. V C.
The tunneling regime γ  1 corresponds to situations when
the formation time of the ionization process is much smaller
than the laser period. Consequently, the electromagnetic field
can be treated as quasi-static during the tunneling ionization
process and the electron energy is approximately conserved.
Therefore, the gauge-independent operator for the total en-
ergy εˆ in a quasistatic electromagnetic field can be defined
and from the latter the gauge-independent potential energy can
be deduced, which in the case of tunnel-ionization constitutes
the gauge-independent tunneling barrier. Therefore, Eq. (19)
defines the gauge independent tunneling barrier in the tunnel-
ionization regime. In the long wavelength approximation it
yields
Vbarrier = x · E(t0) + V(x) , (20)
where t0 is the moment of ionization and V(x) is the binding
potential for the tunnel-ionization.
As an illustration of the gauge independence of the tunnel-
ing barrier, let us compare two fundamental gauges used in
strong field physics to describe nonrelativistic ionization. In
the length gauge where φ = −x · E0, A = 0, the nonrelativistic
Hamiltonian for a constant uniform electric field is given by
H =
p2
2
+ x · E0 + V(x) . (21)
Here, the Hamiltonian coincides with the physical energy oper-
ator. In the velocity gauge, however, where A = −cE0t, φ = 0,
the same dynamics is governed by the Hamiltonian
H =
(p− E0t)2
2
+ V(x) . (22)
In Eq. (22) it seems as if there is no potential barrier. However,
the conserved energy operator
εˆ =
(p− E0t)2
2
+ x · E0 + V(x), (23)
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FIG. 1. The electron density (solid line) along the laser polarization
direction at the instant of maximal field strength at the atomic core.
The shaded area represents the classical forbidden area, gray dashed
lines are exponential fits on the wave function density. The electron’s
wave function Ψ (x, z) is obtained by solving the two-dimensional
Dirac equation for an electron in a soft-core potential interacting with
an external laser pulse, laser parameters are the same as in [29].
reveals the tunneling barrier x · E0 + V(x). Thus, for arbi-
trary time independent (quasistatic) electromagnetic fields, the
gauge-independent tunneling barrier can be defined without
any ambiguity.
The physical energy operator and the tunneling barrier can
be generalized to the relativistic regime straightforwardly by
using the relativistic Dirac Hamiltonian
H = cα · (p+ A/c) − φ + V(x) + βc2 . (24)
From Eq. (14) we deduce the physical energy operator in the
relativistic case as
εˆ = cα · (p+ A(x, t)/c) +
∫ x
E(x′) · dx′ + V(x) + βc2 . (25)
One possible generalization of the length gauge into the
relativistic regime is the Go¨ppert-Mayer gauge
Aµ = −x · E(η)(1, kˆ) . (26)
Taking into account that the dipole approximation for the laser
field can be applied inside the tunneling barrier, the Hamilto-
nian which coincides with the total relativistic energy operator
in the Go¨ppert-Mayer gauge reads
H = εˆ = cα ·
(
p− kˆ x · E(η0)
c
)
+ x · E(η0) + V(x), (27)
where η0 is the laser phase at the moment of ionization.
The tunneling barrier results from an interpretation of the
individual mathematical terms of the quasistatic energy oper-
ator (27). It has, however, also a physical significance as it
can be demonstrated by an ab initio numerical simulation of
the tunneling process in a highly charged ion in a laser field
of relativistic intensities based on the Dirac equation [29, 41].
Figure 1 shows the gauge-independent electron density along
the laser polarization direction at the instant of maximal field
strength at the atomic core. The electron density can be divided
in two parts that are characterized by two different decay rates.
5The switchover region includes the tunneling exit that is de-
fined by the tunneling barrier. The decay of the density under
the barrier is related to damping due to tunneling, i. e., approxi-
mately ∼ exp(−κx), whereas outside the barrier it is dominated
by transversal spreading. As the change of slopes occurs close
to the tunneling exit the tunneling barrier is real and physical
and not just a result of an interpretation in a particular gauge.
IV. INTUITIVE PICTURE FOR THE RELATIVISTIC
TUNNEL-IONIZATION PROCESS
Having identified the gauge invariant tunneling barrier, we
elaborate in this section on the intuitive picture for the tunnel-
ionization process in the relativistic regime. For the reminder
of the article we choose our coordinate system such that the
laser’s electric field component E0 is along the x direction, the
laser’s magnetic component B0 is along the y direction and
the laser propagates along the z direction. Since we assume to
work in the quasistatic regime, the the Go¨ppert-Mayer gauge
is applied for the Hamiltonian such that it coincides with the
energy operator. In the nonrelativistic limit the latter agrees
with the Schro¨dinger Hamiltonian in the length gauge.
A. Nonrelativistic case
In the nonrelativistic limit the intuitive picture for the tunnel-
ionization is well-known. In this picture the magnetic field and
nondipole effects can be neglected, and the Hamiltonian reads
H =
p2
2
+ xE(t0) − κr , (28)
with r =
√
x2 + y2 + z2. Introducing the potential
Vbarrier(x) = xE(t0) − κr , (29)
one can define the classical forbidden region. The tunneling
probability increases with decreasing width of the barrier, thus,
the most probable tunneling path is concentrated along the
electric field direction as indicated by the dashed line in Fig. 2.
Therefore, it is justified to restrict the analysis of the tunneling
dynamics along the laser’s polarization direction [42].
In this one-dimensional picture the barrier for the tunnel-
ionization follows as
Vbarrier = xE(t0) − κ|x| . (30)
The momentum components py and pz along the y and the z
direction are conserved and tunneling along the x direction is
governed by the energy
εx = −Ip −
p2y
2
− p
2
z
2
. (31)
The wave function of the electron and the corresponding tran-
sition probability can be derived within the Wentzel-Kramers-
Brillouin (WKB) approximation. The zeroth order WKB wave
function is given by
ψ ∝ exp (iS cl) , (32)
FIG. 2. (Color online) The potential barrier Vbarrier for quasistatic
tunnel-ionization. The laser field E(t0) = −κ3/30 is along the x
direction. The most probable tunneling path is indicated by the black
dashed line.
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FIG. 3. The nonrelativistic tunneling probability versus the momen-
tum along z direction. The maximum tunneling probability occurs
at pz = 0. The applied parameters are E(t0) = −κ3/30 and κ = 90.
Without loss of generality, py = 0 was chosen.
with the classical action
S cl = −εxt +
∫ x
px(x′) dx′ , (33)
and the momentum’s x component
px(x) =
√
2(εx − Vbarrier) . (34)
The WKB tunneling probability follows as
|T |2 ∝ exp
(
−2
∫ xe
x0
dx |px(x)|
)
, (35)
where x0 and xe are the entry point and exit point of the barrier
such that p(x0) = p(xe) = 0. The dependence of the tunneling
probability on the momentum pz is shown Fig. 3. The tunneling
probability is maximal for pz = 0, because the energy level (31)
decreases with increasing p2z . From this it follows that the exit
coordinate increases with increasing pz.
In summary, nonrelativistic tunneling from an atomic poten-
tial can be visualized by an one-dimensional picture given in
Fig. 4(a) and (b). The area between the barrier and the energy
level represents a messure for the probability of the process.
The larger the area the less likely the ionization.
6FIG. 4. (Color online) Schematic picture of nonrelativistic (sub-figures (a) and (b)) and relativistic (subfigure (c)) tunneling from a bound state
into the continuum: (a) the atomic potential is aproximated by a zero-range potential; (b) and (c) the Coulomb potential case. The potential
barrier (solid, blue) and the energy levels (dashed, red) for pz = 0 (in the nonrelativistic cases) and for the most probable transversal momentum
pz (relativistic case) are plotted against the longitudinal tunneling coordinate x. The shaded area can be interpreted as a measure for the tunneling
probability. The electron wave packet is indicated in black.
B. Relativistic case
In the relativistic regime, the largest correction to the non-
relativistic Hamiltonian comes from the magnetic dipole term.
Let us consider the role of the magnetic dipole interaction in
the laser field for the tunneling picture. The corresponding
time-independent Schro¨dinger equation reads[
(−i∇ − xE(t0) zˆ/c)2
2
+ xE(t0) − κr
]
ψ(x) = ε ψ(x) . (36)
Similar to the nonrelativistic case, an approximate one-
dimensional description is valid for the most probable tun-
neling path along the electric field direction. Restricting the
dynamics along the electric field direction and neglecting the
dependence of the ionic core’s potential on the transverse co-
ordinate, we have py,z = const, and the momentum along the
polarization direction is given by Eq. (34) with the barrier (30),
which is the same as in the nonrelativistic case. The energy,
however, is modified by the magnetic dipole term
εx = −Ip −
p2y
2
− (pz − xE(t0)/c)
2
2
. (37)
The energy level (37) depends on the x coordinate. This
is because the electron’s kinetic momentum along the laser’s
propagation direction qz(x) ≡ pz − xE(t0)/c changes during
tunneling due to the presence of the vector potential (mag-
netic field). As a consequence, the tunneling probability in the
relativistic regime is maximal at some non-zero canonical mo-
mentum pz in the laser’s propagation direction. For instance,
the kinetic momentum qz(x) with maximal tunneling proba-
bility at the tunneling entry is qz(x0) ≈ −0.42Ip/c, whereas at
the exit it is qz(xe) ≈ 0.28Ip/c for the Coulomb potential, see
Fig. 5. During the under-the-barrier motion the electron ac-
quires a momentum kick into the laser’s propagation direction
due to the Lorentz force, which can be estimated as
∆pz ∼ xeE0/c ∼ Ip/c, (38)
with the barrier length xe ∼ Ip/E0. Thus, relativistic tunnel-
ing can be visualized by an one-dimensional picture given in
Fig. 4(c). The area between the barrier and the position depen-
dent energy level is larger than in the nonrelativistic case due
to the non-vanishing transversal kinetic energy, indicating the
reduced tunneling probability in the relativistic description.
The WKB analysis can be carried out also in a fully relativis-
tic way. Taking into account the relativistic energy-momentum
dispersion relation, one obtains for the momentum and the
ionization energy along the polarization direction
εx =
√
p2xc2 + c4 + Vbarrier − c2 , (39)
px(x) =
√(
c2 − Ip − Vbarrier
c
)2
− c2 − p2y −
(
pz − xE(t0)c
)2
(40)
which determines the fully relativistic tunneling probability via
Eq. (35). The latter is shown in Fig. 5. For comparison it shows
also the results for the nonrelativistic case, the calculation using
the magnetic dipole correction, and the calculation with the
leading relativistic kinetic energy correction −pˆ4x/8c2 [43].
As demonstrated in Fig. 5 the shift of the kinetic momen-
tum along the laser’s propagation direction that maximizes the
WKB tunneling probability is determined mainly by the mag-
netic dipole correction to the Hamiltonian. This correction also
decreases the tunneling probability, since the Lorentz force
due to the laser’s transversal magnetic field transfers energy
from the tunneling direction into the perpendicular direction
hindering tunneling. Taking into account further relativistic
effects does not change the behavior qualitatively but increases
the tunneling probability. This can be understood intuitively
by noticing that in the reference frame of the relativistic elec-
tron the length of the barrier is contracted and in this way
enhancing the tunneling probability. The mass correction term
is more important in the zero-range-potential case than in the
Coulomb-potential one, since the typical longitudinal velocities
are smaller in the latter case. Furthermore, Fig. 5 indicates that
the calculation including only the leading relativistic kinetic
energy correction O(1/c2) reproduces the fully-relativistic ap-
proach satisfactorily. Thus, the magnetic dipole and the leading
order mass shift are the only relevant relativistic corrections.
The value of the kinetic momentum shift at tunnel exit qz(xe)
varies significantly with respect to the barrier suppression pa-
rameter E0/Ea in the case of a Coulomb potential of the ionic
core, as shown in Fig. 6, while it does not depend on the laser
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FIG. 5. (Color online) Tunneling probability vs. the kinetic mo-
mentum along the laser’s propagation direction at the tunnel entry
(lines with peak on the left) and tunnel exit (lines with peak on the
right). Results for calculations including magnetic dipole correction
are indicated in blue while for the red lines also the leading relativistic
correction to the kinetic energy are taken into account. The dashed-
black lines correspond to a fully relativistic calculation, which are
very close to the ones including leading relativistic corrections to the
kinetic energy. The densities are normalized to the maximum density
in the nonrelativistic case. A similar comparison was made in [29] for
the case of a zero-range potential via SFA.
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FIG. 6. The kinetic momentum shift at the tunnel exit qz(xe) versus
the barrier suppression parameter E0/Ea for an electron bound by a
Coulomb potential (dashed) and a zero-range atomic potential (solid).
field in the case of zero-range atomic potential. The main
reason for the decreased momentum shift in the Coulomb po-
tential case is that the length of the Coulomb-potential barrier
is reduced approximately by a factor (1 − 8E0/Ea) compared
to the barrier length of the zero-range potential. According to
Eq. (38), this barrier length reduction leads to smaller momen-
tum kick due to the magnetic field.
Furthermore, we compare the prediction of the WKB ap-
proximation with the results obtained by an ab initio numerical
calculation solving the time-dependent Dirac equation [41].
For this purpose the tunnel-ionization from a two-dimensional
soft-core potential was simulated yielding the time-dependent
real space wave function Ψ (x, z, t). A transformation into a
mixed representation of position x and kinetic momentum qz
via
Ψ˜ (x, qz, t) =
1√
2pi
∫
Ψ (x, z, t)e−iz(qz−Az(x,z)) dz (41)
allows us to determine the kinetic momentum in z direction as
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FIG. 7. (Color online) Electronic density in the mixed space of
position x and kinetic momentum qz at the moment of maximal field
strength at the atomic core (left panel). The electron’s wave function
has been obtained by simulating the tunnel-ionization from a two-
dimensional soft-core potential by solving the time-dependent Dirac
equation with all numerical parameters as in Fig. 1. The right panel
shows the normalized kinetic momentum distribution of the tunneled
electron at the tunnel exit (indicated by the white line in the left
panel) as obtained by solving the Dirac equation and by the WKB
approximation.
a function of the x coordinate and in this way at the tunnel exit
x = xe, see Fig. 7. Both, the solution of the fully relativistic
Dirac equation and the WKB approximation predict a momen-
tum distribution with a maximum shifted away from zero. The
momentum shifts are in a good agreement.
V. TUNNEL-IONIZATIONWITH A ZERO-RANGE
POTENTIAL MODEL
The intuitive considerations of the previous section on the
relativistic under-the-barrier motion during tunnel-ionization
led us to the conclusion that relativistic tunneling induces a
momentum kick along the laser’s propagation direction. The
aim of this section to prove this conclusion by a rigorous calcu-
lation based on SFA, to show how this momentum shift arises
during the under-the-barrier motion, and to find out how this
relativistic signature is reflected in the electron momentum
distribution in far distance at the detector.
The SFA is based on an S-matrix formalism. The ionization
is described by the Hamiltonian
H = H0 + HI(t) , (42)
where H0 is the field-free atomic Hamiltonian including the
atomic potential V(x) and HI(t) denotes the Hamiltonian of the
laser-atom interaction. Initially at time t → −∞, the electron
is in the bound state |ψ(−∞)〉 = |φ0〉. In SFA the influence of
the atomic core potential on the free electron and the influence
of the laser field on the bound state are neglected. This allows
8us to express the time evolution of the state vector in the form
[11]
|ψ(t)〉 = −i
∫ t
−∞
dt′ UV (t, t′)HI(t′) |φ0(t′)〉 , (43)
where UV (t, t′) is the Volkov propagator which satisfies
i
∂UV (t, t′)
∂t
= HV (t)UV (t, t′) (44)
with the Volkov Hamiltonian HV = H − V(x). The SFA wave
function in momentum space of the final state reads
〈p|ψ〉 = −i
∫ ∞
−∞
dt′ 〈ψV (t′)|HI(t′)|φ0(t′)〉 , (45)
where |ψV (t)〉 denotes a Volkov state [44]. The ionized part
of the wave function in momentum space in Eq. (45) can be
expressed also in the form [11]
〈p|ψ〉 = −i
∫ ∞
−∞
dt′ 〈ψV (t′)|V(x) |φ0(t′)〉 . (46)
As the SFA neglects the effect of the atomic potential on the
final state, the SFA gives an accurate prediction when the
atomic potential is short ranged. For this reason, we will
model the tunnel-ionization with a zero-range potential in the
following. The nonrelativistic tunneling scheme for this case is
visulized in Fig. 4(a). The barrier has triangular shape which
simplifies the analytical treatment of the tunneling dynamics.
A. Nonrelativistic case
Let us start our analysis with the nonrelativistic considera-
tion when the Hamiltonian for an atom in a laser field is given
by Eq. (42) with
H0 =
p2
2
+ V (0)(x) , (47)
HI = x · E(t) , (48)
where V (0)(x) is the zero-range atomic potential. In SFA the
ionized part of the wave function far away after the laser field
has been turned off reads [45]
〈p|ψ〉 = −iN
∫ ∞
−∞
dt e−iS˜ (p,t) , (49)
where
S˜ (p, t) = −κ2t/2 −
∫ t
dt′ q2/2 (50)
is the contracted action, q = p+ A/c is the kinetic momentum,
A = −c ∫ t E dt′, N ≡ 〈q|V (0) |φ(0)〉 = const, and |φ(0)〉 eiκ2t/2 is
the bound state of the zero-range potential. The time integral in
Eq. (49) can be calculated via the saddle point approximation
(SPA). The saddle point equation
˙˜S (p, ts) = q(ts)2 + κ2 = 0 (51)
yields the kinetic momentum q(ts) = iκ at the saddle point time
ts. Then, the wave function in momentum space reads in the
quasi-static limit
〈p|ψ〉 = −iN
√√ 2pi
|E(ts)|
√
p2⊥ + κ2
exp
[
− (p
2⊥ + κ2)3/2
3|E(ts)|
]
(52)
for the vector potential A = cE0 sin(ωt)/ωxˆ and with |E(ts)| =
E0
√
1 − (px/(E0/ω))2 and p⊥ =
√
p2y + p2z . From expression
(52) it follows that the density of the ionized wave function is
maximal at p⊥ = 0 for any value of px. The coordinate space
wave function
〈x|ψ〉 = −i N
(2pi)3/2
∫ ∞
−∞
dt
∫
d3p exp
[
ix · p− iS˜ (p, t)
]
(53)
is obtained by a Fourier transform of Eq. (49). From the SPA
it follows that the main contribution to the integral over p in
Eq. (53) originates from momenta near the momentum which
fulfills the saddle point condition x − ∂pS˜ (p, t) = 0. The latter
defines the trajectories x = x(p, t) which contribute to the
transition probability with amplitudes depending on p. For the
most probable final momentum p0 = 0, the trajectory which
start at the tunneling entry at time ts is given by
x(t) = ∂pS˜ (p0, t) =
∫ t
ts
dt′
A(t′)
c
. (54)
The line integral in Eq. (54) is along a path connecting the
complex time ts with the real time t. The complex saddle point
time ts can be determined by solving q(ts) = iκ for ts. The
corresponding kinetic momentum is
q(t) =
A(t)
c
. (55)
In Fig. 8 the complex trajectory (54) and the complex kinetic
momentum (55) along the tunneling direction are shown. The
spatial coordinate is real under the barrier as well as behind
the barrier, whereas the kinetic momentum is imaginary during
tunneling and becomes real when leaving the barrier, which
corresponds to the time Re[ts]. The tunneling exit coordinate is
xe = xe(Re[ts]) = Ip/E0 which is consistent with the intuitive
tunneling picture. The momentum in the tunneling direction is
q(ts) = iκ when tunneling starts, whereas it is q(Re[ts]) = 0 at
the tunnel exit.
B. Relativistic case
Our fully relativistic consideration is based on the Dirac
Hamiltonian with a zero-range atomic potential
H = cα · (p+ A/c) − φ + βc2 + V (0)(x) (56)
where α and β are standard Dirac matrices [46] and the
Go¨ppert-Mayer gauge (26) is employed. The ionized part
of the momentum wave function in SFA yields
〈p|ψ〉 = −i
∫ ∞
−∞
dt
∫
d3xψV (x, t)γ
0V (0)(x) φ(0)(x, t) . (57)
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FIG. 8. Coordinate (sub-figure (a)) and momentum (sub-figure (b))
along the electric field direction of the complex SFA trajectory for
tunnel-ionization from a zero-range potential. During the under-the-
barrier motion the momentum is imaginary whereas the coordinate is
real. Tunneling finishes when the kinetic momentum becomes real.
Here φ(0)(x, t) = e−iε0tϕ(0)(x)v(0)± is the ground state of the
zero-range potential with the ground state spinor v(0)± and
ε0 = c2− Ip; ψV (x, t) = NVu±eiS is the relativistic Volkov wave
function in the Go¨ppert-Mayer gauge for a free electron in a
laser field, which is obtained from the Volkov wave function
in the velocity gauge [44] with further gauge transformation
via the gauge function χ = −x · A/c, A(η) ≡ − c
ω
∫ η E(η′)dη′.
Furthermore, NV is the normalization constant,
S = −εt +
(
p+
A
c
)
· x − 1
cΛ
∫ η (
p · A + A
2
2c
)
dη′ , (58)
is the quasiclassical action and
u± =
(
1 +
ω
2c2Λ
(1 + α · kˆ)α · A
)
u0±, (59)
with Λ = pµkµ = ω(ε/c2 − p · kˆ/c), pµ = (ε/c, p), and the free
particle spinor u0±. After averaging over the spin of the initial
electron as well as over the spin of the ionized electron the
wave function of the ionized electron reads
〈p|ψ〉 = −i NV (2pi)
3/2
2ω
∫ ∞
−∞
dη e−iS˜
∑
s,s′
〈qd, s′|V (0)(x) |ϕ0, s〉 .
(60)
Here, a coordinate transformation (t, x)→ (η, x) is employed
and
S˜ =
1
2Λ
(
−κ2η −
∫ η
qd2dη′
)
(61)
is the contracted action with the field-dressed electron momen-
tum in the laser field
qd = p+
A
c
− kˆ(ε − ε0)
c
. (62)
For a zero-range potential the inner product
〈qd, s′|V (0)(x) |ϕ0, s〉 is only η dependent. Further, the
η-integral in (58) can be calculated using SPA and the saddle
point equation yields qd2(ηs) = −κ2 as in the nonrelativistic
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FIG. 9. (Color online) The momentum distribution of the ionized
electron: (a) in infinity at the detector; (b) at the tunnel exit, depending
on the tunnel exit time te. The maximum tunneling probability occurs
at pz = Ip/(3c). The applied parameters are κ = 90, E0/Ea = 1/30
and ω = 10.
regime [47]. Then, the wave function of the ionized electron
in momentum space yields
〈p|ψ〉 = −iN(ηs)
√√ 2piΛ
ω|E(ηs)|
√
qd2⊥ + κ2
exp
[
−ω(qd
2⊥ + κ2)3/2
3Λ|E(ηs)|
]
(63)
for the vector potential A = cE0 sin(η)/ωxˆ with the laser’s
propagation vector kˆ = zˆ, where
|E(ηs)| = E0
√
1 − (px/(E0/ω))2 , (64)
qd⊥ =
√
p2y +
(
pz − ε − ε0c
)2
, (65)
N(ηs) = NV (2pi)
3/2
2ω
∑
s,s′
〈qd, s′|V (0)(x) |ϕ0, s〉 . (66)
The relativistic momentum distribution of the ionized elec-
tron of Eq. (63) differs qualitatively from the nonrelativistic
one. In the nonrelativistic case the maximum of the distribution
is at p⊥ = 0 at any px. In the relativistic case, however, the
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momentum distribution has a local maxima along the parabola
which can be approximated as
pz ≈ Ip3c
(
1 +
Ip
18c2
)
+
p2x
2c
1 + Ip3c2 + 2I
2
p
27c4
 + O  I2pc4
 , (67)
see Fig. 9(a). The global maximum of the tunneling proba-
bility is located at pz = Ip/(3c), while in the nonrelativistic
case it is at pz = 0. This shift of the maximum is connected
with the first step of the ionization, the tunneling, whereas the
parabolic wings are shaped in the second step, the continuum
dynamics. These wings are located around pz = Up/c with the
ponderomotive potential Up = E20/(4ω
2).
The momentum distribution at the tunnel exit can be calcu-
lated via back propagation of the final momentum space wave
function (63). Thus, the wave function at the tunnel exit is
〈p|ψ(te)〉 =
∫
d3p′ 〈p|U(te, t f ) |p′〉 〈p′|ψ(t f )〉
≈
∫
d3p′ 〈p|UV (te, t f ) |p′〉 〈p′|ψ(t f )〉 (68)
with the tunnel exit time te = Re[ts] and final time t f where
the interaction is turned off, hence the Volkov wave function
reduces to the free particle wave function. Because ωkˆ · x  c
holds at the tunnel exit holds, the exact Volkov propagator
〈x|UV (t, t′) |x′〉 =
∫
d3p ψV (t, x)ψ†V (t
′, x′) (69)
can be simplified expanding the phase dependent functions
around ωte, which yields
UV (te, t f ) =
∫
d3p exp
(
iϕ(te, t f )
)
|pe〉 〈p| (70)
with the exit momentum and the phase
pe = p+
A(ωte)
c
+ kˆ
ω
c2Λ
(p+
A(ωte)
2c
) · A(ωte) , (71)
ϕ(te, t f ) = ε(t f − te) + 1cΛ
∫ ωte
dη
(
p+
A(η)
2c
)
· A(η) , (72)
respectively. As a result, the momentum space wave function
at the tunnel exit te reads in terms of the final wave function
〈p′|ψ(t f )〉
〈p|ψ(te)〉 = eiϕ(te,t f ) 〈p′|ψ(t f )〉 (73)
with
p′ =
(
−Ax(ωte)
c
, py, pz +
Ax(ωte)2ω
2c3Λ
)
. (74)
The transversal momentum distribution at the tunnel exit can
be calculated via replacing the momentum in the wave function
Eq. (63) with Eq. (74), which can be seen in Fig. 9(b). The
comparison of Figs. 9(a) and (b) indicates that the relativistic
shift of the peak of the transverse momentum distribution at the
tunnel exit pz = Ip/(3c) is maintained in the final momentum
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FIG. 10. (Color online) Comparison of the nonrelativistic (blue)
and relativistic (black) complex SFA trajectories: (a) coordinates
and (b) momentum components. The dashed and the solid lines
correspond to the under-the-barrier motion and the motion after the
tunneling, respectively. In the relativistic regime, the trajectory enters
the tunneling barrier at (0, 0), it is complex under the barrier and
becomes real again when it leaves the tunneling barrier. The trajectory
enters the barrier with the transversal momentum −2Ip/(3c) and leaves
the barrier with Ip/(3c). The applied parameters are κ = 90, E0/Ea =
1/30.
distribution. The parabola can for example be calculated from
classical trajectories. The kinetic momentum at the exit is
connected with the final momenta via
qx(ηs) = px +
A(ηs)
c
= 0 ,
qz(ηs) = pz +
ω
c2Λ
(
pxA(ηs) +
A(ηs)2
2c
)
=
Ip
3c
(75)
and the relation
pz =
Ip
3c
+
ωp2x
2cΛ
(76)
follows.
We investigate the trajectory of the electron and its momen-
tum during the tunneling in the relativistic regime. The coor-
dinate wave function can be obtained via a Fourier transform
of momentum space wave function (60). Then, the stationary
phase condition gives the quasiclassical trajectories at the most
probable momentum given by Eq. (67). The results are plotted
in Fig. 10. It shows that in the relativistic regime most prob-
able trajectory is the trajectory where the electron enters the
barrier with the transversal momentum −2Ip/(3c) and reaches
the exit with Ip/(3c). This is in accordance with our intuitive
discussion in Sec. IV.
For the most probable momentum, the trajectory starts at
the real axis, obtains complex values during tunneling and
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has to return to the real axis after tunneling Fig. 10(a). Here
an analogy to relativistic high-harmonic generation can be
drawn, where also a return condition has to be fulfilled: the
recollision of the ionized electron to the atomic core in the
presence of the drift motion induced by the laser’s magnetic
field [48]. Similarly, the electron has to start with a momentum
of the order of Up/c against the laser propagation direction (cf.
qz,i = −2Ip/(3c) at the entering the ionization barrier) which
compensates the drift motion and facilitates the recollision
to the atomic core with a momentum Up/c along the laser’s
propagation direction (cf. qz,e = Ip/(3c) at the exit of the
ionization barrier).
The shift of the electron’s momentum distribution along the
laser’s propagation direction in the relativistic regime is possi-
ble to detect by measuring the final momentum distribution of
the ion [49]. The ionized electron acquires momentum along
the laser’s propagation direction in the laser field because of
the absorbed momentum of the laser photons. However, part of
the momentum of laser photons is transferred to the ion. The
energy conservation law provides a relationship between the
number of absorbed photons n and the electron momentum pe
nω − Ip + c2 ≈ εe , (77)
where ω is the laser frequency, Ip the ionization potential, and
εe = c
√
p2e + c2 the energy of the electron. The kinetic energy
of the ionic core can be neglected due to the large mass of
the ion. Additionally, the momentum conservation law gives
information on the sharing of the absorbed photon momentum
between the ion and the photoelectron
nω/c0
0
 =
 pe z + p0 zpe x + p0 x
pe y + p0 y
 . (78)
In the nonrelativistic tunneling regime of ionization in the lin-
early polarized laser field, the photoelectron’s most probable
momentum is pe = 0, when nω = Ip and the ion carries out a
momentum p0 z = Ip/c. In the relativistic regime of interaction
the most probable value of the photoelectron’s momentum is
not vanishing but equals pe z ≈ Ip/3c in the case of linear polar-
ization. In this case the momentum conservation will provide
the ion momentum p0 z ≈ 2Ip/3c. In [49, 50] the momentum
sharing between ion and electron during the tunnel-ionization
in a strong circularly polarized laser field is investigated. Their
result supports the simple-man model prediction. It is shown
that the total momentum of the absorbed photons, that is Ip/c,
is transferred to the ion and not to the ionized electron. The
difference with respect to our result may be explained by the
focal averaging as well as by the fact that our parameters are
situated in the pure tunneling regime whereas the references
deal with ionization at the transition to over-the-barrier ion-
ization. The momentum shift of the ionized electrons at the
detector that we describe is a genuine feature of the relativistic
tunneling dynamics.
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FIG. 11. The ionization momentum amplitude for px = 0 vs. the
observation time t. The inset shows the momentum amplitude for
large times, which coincides with the ionization amplitude. The
applied parameters are E0/Ea = 1/30 and κ = 1.
C. Tunneling formation time
The physical interpretation of the Keldysh time as the ioniza-
tion formation time given in Sec. III B can be readily clarified
within the SFA formalism. In the SFA, the momentum wave
function in the case of a zero-range atomic potential at some
intermediate time is given by
〈px|ψ(t)〉 = −i
∫ t
−∞
dt′ exp[−iS˜ (t, t′)] 〈q(t′)|HI(t′)|φ0〉 , (79)
where 〈q(t′)|HI(t′)|φ0〉 is the pre-exponential factor that slowly
varies with time and the quasiclassical action S˜ (t, t′) is given
either by Eq. (50) for the nonrelativistic case, or by Eq. (61)
for the relativistic case.
A numerical integration of Eq. (79) for a monochromatic
laser field in the nonrelativistic regime is shown in Fig. 11.
The value of the momentum amplitude starts with zero at
early times and then varies on a time scale that is of the order
of the Keldysh time. Thus, the Keldysh time is the typical
time scale for the formation of the moment components of
the ionized wave function, or in short, the formation time
of the ionization. For large times, the momentum amplitude
stabilizes on some positive value, which can be identified as
the ionization amplitude of the specific momentum component,
see inset in Fig. 11. We note that the qualitative behavior of
the time evolution of the amplitude shown in Fig. 11 remains
the same for the nonrelativistic as well as for the relativistic
ionization from a Coulomb potential.
VI. GENERAL ASPECTS OF TUNNELING TIME DELAY
In quantum mechanics time as it stands is a parameter and
not an observable. Furthermore, as it is discussed by Pauli [51,
52], it can not be upgraded to an operator which is conjugate
to the Hamiltonian. It is due to the fact that although the time
can take any values, the spectrum of allowed energy levels of a
given Hamiltonian can not span the entire real line. Namely,
12
either the Hamiltonian is bounded below or it may take discrete
values due to the quantization conditions. Nevertheless, a time
delay problem can be formulated in quantum mechanics. It is
possible to put forward in a reasonable way within quantum
mechanics the question on how much time an electron spends
in a specified space region during its motion and, in particular,
what is the time delay for the tunneling through a potential
barrier [16–21, 24, 53–55]. Several definitions for the time
delay have been proposed, one of the most accepted definitions
is the Eisenbud-Wigner-Smith time delay (here refered to as
the Wigner time delay.) [17–19].
The definition of the Wigner time delay is based on the
trajectory of the peak of the electron wave packet, as long
as the wave packet has a unique peak. Let us illustrate it
considering the motion of the following wave packet in the
position space
〈x|ψ(t)〉 = 1√
2pi
∫ ∞
−∞
dp exp (ipx) 〈p|ψ(t)〉 , (80)
assuming that the wave packet in momentum space 〈p|ψ(t)〉 is
centered around p0 and is expressed in the form
〈p|ψ(t)〉 = g(p) exp (−iφ(p, t)) , (81)
with real functions g and φ. The peak of the wave packet in
position space at a moment t
〈x|ψ(t)〉 = 1√
2pi
∫ ∞
−∞
dp exp (i (px − φ(p, t))) g(p) (82)
can be found in the limit ∆pg  φ′(p0), with the width ∆pg of
the density g, by the stationary phase approximation, and is
given by the stationary phase condition
∂
∂p
(px − φ(p, t))
∣∣∣∣∣
p0
= 0 ⇒ x = ∂φ(p, t)
∂p
∣∣∣∣∣
p0
. (83)
In the limit ∆pg  φ′(p0), the phase φ can be linearized,
viz., φ(p) = φ(p0) + φ′(p0)(p − p0) and the maximum of the
wave-packet is shifted from 0 to φ′(p0) due to the additional
coordinate translation operator exp
[
ipφ′(p0)
]
. Therefore, in
both cases the phase derivative at p0 yields the coordinate
of the maximum of the wave-packet. In fact, this result is
consistent with the expectation value of the position operator
〈x〉 = 〈ψ(t)| x |ψ(t)〉 =
∫ ∞
−∞
dp
(
ig(p)g(p)′ + g(p)2φ(p, t)′
)
.
(84)
In the latter, the first term vanishes because the wave packet
is initially formed symmetrically around p0, while from the
second term one has 〈x〉 ≈ φ(p0, t)′, if the phase φ(p, t)′ is
expanded around p0 and the third and higher-order derivatives
are neglected.
Similarly, the wave packet in position space can be expanded
in energy eigenfunctions with energy eigenvalues ε [56]
〈x|ψ(t)〉 =
∫ ∞
0
dε 〈x|ε〉 〈ε|ψ(t)〉
=
∫ ∞
0
dε f (x, ε) exp (iϕ(x, ε) − iε(t − t0)) , (85)
where f (x, ε) ≡ 〈ε|ψ(t0)〉 | 〈x|ε〉 | and 〈ε|ψ(t0)〉 is the energy dis-
tribution of initial wave packet at t = t0 which is symmetrically
centered around ε0, and ϕ(x, ε) is the phase of 〈x|ε〉 which is
the steady-state solution. Analogously to the dicussion on the
coordinate maximum, the condition
τ ≡ t − t0 = ∂ϕ(x, ε)
∂ε
∣∣∣∣∣
ε0
, (86)
then determines the moment when the wave packet is maximal
at a given point with coordinate x, i. e. , the Wigner trajectory.
Equation (86) indicates that the phase of the steady state so-
lution to the Schro¨dinger equation is sufficient to deduce the
Wigner trajectory. The difference between the Wigner trajec-
tory and the classical trajectory (no time interval is spent under
the barrier and the trajectory obeys Newton’s law outside the
barrier) at points far behind the barrier we call Wigner time
delay [18]. In the following we will apply the Wigner time
delay formalism to some exactly solvable basic systems under
the dynamics of the Schro¨dinger equation with some potential
V(x). These examples will give us some hints for the analysis
of tunnel-ionization process.
A. Square potential
As a first example we consider the Wigner time delay during
the penetration of a wave packet through a box potential
V(x) = V0 (θ(x) − θ(x − a)) (87)
with θ(x) denoting the Heaviside step function. The wave
packet propagating to the barrier and tunneling through it is
constructed via superposing the steady-state solutions with
energy eigenvalues ε < V0,
〈x|ψ(t)〉 =
∫ V0
0
dε exp (−iε(t − t0) + iφ(x, ε)) g(x, ε) (88)
with g(x, ε) = 〈ε|ψ(t0)〉 |u(x, ε)|. Here 〈ε|ψ(t0)〉 is the initial
wave packet centered around ε0 < V0, |u(x, ε)| and φ(x, ε)
are the amplitude and the phase of the steady-state solution
u(x, ε) for ε < V0, respectively. Generally, the wave packet
in Eq. (88) includes both transmitted and reflected waves. To
define the Wigner trajectory for the transmitted wave packet,
we omit the reflected wave packet from the barrier and utilize
the steady-state solutions with the positive current
u+(x, ε) =

eik1x x < 0
C1
(
e−k2x + iek2x
)
+C2
(
e−k2x − iek2x
)
0 ≤ x ≤ a
Teik1x x > a
(89)
with k1 =
√
2ε, k2 =
√
2V0 − 2ε, and the matching coefficients
C1, C2 and T [57]. The Wigner trajectory for the transmitted
wave can then be defined implicitly via
τ(x) =
∂ϕ+(x, ε)
∂ε
∣∣∣∣∣
ε=ε0
(90)
where ϕ+(x, ε) is the phase of u+(x, ε).
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FIG. 12. (Color online) (a) Comparison of the Wigner trajectory
(90) (solid red line) and the classical (dashed blue line) trajectory
for tunneling through a square potential barrier (87). The applied
parameters are V0 = 2ε0, ε0 = Ip, Ip = c2 −
√
c4 − c2κ2 with κ = 90
and a = 14/κ. (b) Close-up of sub-figure (a) with additionally showing
the position of the wave packet’s maximum.
The Wigner trajectory for the outgoing wave packet de-
fined in Eq. (90), is shown Fig. 12(a) and is compared with
the classical trajectory. From the latter one can see that the
Wigner trajectory, which initially coincides with the classical
one, deviates during tunneling from the classical trajectory.
In the quasiclassical limit κa  1, the Wigner time delay
is τ = 1/2
√
(V0 − ε0)ε0 which is formed at the entering and
exiting the barrier.
This simple example provides us the opportunity to com-
pare Wigner’s approach with the exact trajectory of the wave
packet’s maximum which can be calculated via Eq. (88). Let
us choose the initial normalized wave packet in momentum
space as the Gaussian
〈p|ψ(t0 = 0)〉 = e
−ix0(p−p0)(
2piδp2
)1/4 exp
− ( p − p02δp
)2 , (91)
with the initial position x0 and initial momentum p0 =
√
2ε0.
The position x0 is assumed to be far away from the barrier
and the energy spread δε of the wave packed so small that
ε0 + δε < V0 with δε = p0δp. To be consistent with the tunnel-
ionization case where the wave packet has a sharp energy we
assume that δp/p  1. Then, the time evolution of the wave
packet becomes
〈x|ψ(t)〉 =
∫ ∞
0
dε
〈x|ε〉(
2piδp2
)1/4 e−iεt−ix0(√2ε−√2ε0)−
( √
2ε−√2ε0
2δp
)2
.
(92)
If we trace the maximum of the wave packet outside the barrier,
we see that it overlaps with the Wigner’s trajectory defined in
Eq. (90). The result can be seen in Fig. 12(b).
To evaluate the role of the magnetic field in relativistic
tunnel-ionization, we modify the previous configuration by
applying an additional static magnetic field within the square
potential. The vector potential which generates the magnetic
field B = −E0 (θ(x) − θ(x − a)) yˆ may be written as
A = E0 (x (θ(x) − θ(x − a)) + aθ(x − a)) zˆ . (93)
Then, the Hamiltonian for this field configuration is
H =
p2x
2
+
[pz + Az(x)/c]2
2
+ V(x) . (94)
Since the canonical momentum pz is conserved, [pz,H] = 0,
the energy eigenfunction has the form
〈x, z|ε, pz〉 = u(x, pz, ε)√
2pi
eipzz, (95)
and the motion along x coordinate is separable[
−1
2
d2
dx2
+
(pz + Az(x)/c)2
2
+ V(x)
]
u(x, pz, ε) = ε u(x, pz, ε) .
(96)
The solution of Eq. (96) outside the barrier is given by
u(x, pz, ε) =
u1(x, pz, ε) = eik1x + Re−ik1x x < 0u3(x, pz, ε) = Teik3x x > a (97)
with k1 =
√
2ε − p2z , k3 =
√
2ε − (pz + aE0/c)2, and reflec-
tion and transmission coefficients are R and T , respectively.
For the dynamics under the barrier (0 ≤ x ≤ a, ε < V0) the
Schro¨dinger equation[
−1
2
d2
dx2
+
(pz − xE0/c)2
2
+ V0
]
u2(x, pz, ε) = ε u2(x, pz, ε) .
(98)
has two linearly independent solutions which can be expressed
using parabolic cylinder function D [58] as
u2(x, pz, ε) = C1 D
−E0 + 2cV0 − 2cε2E0 ,
√
2(cpz + E0x)√
cE0

+C2 D
−E0 − 2cV0 + 2cε2E0 , i
√
2(cpz + E0x)√
cE0
 . (99)
Here, the matching coefficients C1 and C2 can be found via
using the continuity of the wave function at the borders of the
potential x = 0 and x = a.
The wave packet tunneling out of the potential barrier is
〈x, z|ψ(t)〉 =
∫ ∞
−∞
dpz
∫ V0
0
dε 〈x, z|ε, pz〉 〈ε, pz|ψ(t)〉
=
1√
2pi
∫ ∞
−∞
dpz
∫ V0
0
dε eizpz−iε(t−t0)+iφ+(x,pz,ε)g(x, pz, ε) ,
(100)
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FIG. 13. (Color online) Tunneling through a square potential with an
additional magnetic field with E0 = κ3/30 and other parameters as in
Fig. 12. Sub-figures (a) and (b) compare the Wigner (red solid lines)
and the classical (blue dashed lines) trajectories along the x direction
and in the x-z-plane, respectively.
where g(x, pz, ε) = 〈ε, pz|ψ(t0)〉 |u(x, pz, ε)|, 〈ε, pz|ψ(t0)〉 is the
initial wave packet centered around pz0 and ε0, and φ+(x, pz, ε)
is the phase of the outgoing part of u(x, pz, ε).
Calculating the transition probability |T |2 as a function of
pz, we find that the maximum is reached at pz0 = −Ip/(2c)
which equals the kinetic momentum at the tunneling entry
x = 0, qz(0) = −Ip/(2c). At the tunneling exit x = a the kinetic
momentum with maximal tunneling probability is qz(a) =
pz0 + Az(a)/c = Ip/(2c).
As the phase now depends also on pz Eq. (90) generalizes to
τ(x) =
∂ϕ+(x, pz, ε)
∂ε
∣∣∣∣∣
ε=ε0
. (101)
Thus for each choice of pz Eq. (101) defines a different trajec-
tory and setting pz = pz0 in Eq. (101) gives the most probable
trajectory, which is shown in Fig. 13(b) together with the classi-
cal one. Comparing Figs. 12(a) and 13(a) shows that presence
of the magnetic field does not change the Wigner time delay.
In analogy to Eq. (83), one can also define the coordinate z
as a function of x
z = − ∂φ+(x, pz, ε0)
∂pz
∣∣∣∣∣
pz=pz0
, (102)
which gives the most probable trajectory (path) in the x-z-plane
as shown in Fig. 13(b) together with the corresponding clas-
sical trajectory. Outside the barrier both are close together;
under the barrier, however, there is a clear spatial drift into the
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FIG. 14. (Color online) Comparison of the Wigner trajectory (red
solid line) and the classical trajectory (blue dashed line) for tunneling
through a linear potential barrier (103) for V0 = 2ε0, ε0 = Ip, with the
numerical parameters κ = 90, and E0/Ea = 1/30.
z-direction, that is perpendicular to the tunneling direction, of
the Wigner trajectory as compared to the classical one. Nev-
ertheless, this spatial drift is (in contrast to the Wigner time
delay) not observable on the detector at remote distance. This
is intuitively plausible, because the drift at the entry point to the
barrier ∆zd(0) = qz(0)τ = −(Ip/2c)τ is exactly compensated by
the drift at the exit point ∆zd(a) = qz(a)τ = (Ip/2c)τ.
B. Linear potential
As a second example, we consider tunneling through a linear
potential barrier
V(x) = θ(x) (E0x + V0) . (103)
The solution of the corresponding Schro¨dinger equation is
given for the domain x < 0 by
u1(x, ε) = eik1x + Re−ik1x (104a)
with k1 =
√
2ε and the reflection coefficient R. While in the
region x ≥ 0, the solution yields
u2(x, ε) =
T
(
Ai
(
2E0x + 2(V0 − ε)
(2E0)2/3
)
+ iBi
(
2E0x + 2(V0 − ε)
(2E0)2/3
))
= T Ai
(
e−2pii/3
2E0x + 2(V0 − ε)
(2E0)2/3
)
, (104b)
where Ai and Bi are the Airy function of the first and second
kind, respectively. Under the barrier, that is 0 ≤ x ≤ xe with
the tunneling exit point xe = −ε0/E0, the wave function (104b)
is a supersposition of reflected and transmitted portions. The
transmission coefficient T in (104b) is deduced from matching
the wave functions at the border x = 0. The phase of the total
wave function (104) is used to calculate the Wigner trajectory
(86) which is shown in Fig. 14 in comparison with the classi-
cal one. This comparison shows that before but close to the
tunneling exit xe a substantial time delay builds up which is
reduced after tunneling. Finally, a non-vanishing Wigner time
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FIG. 15. (Color online) (a) Comparison of the Wigner trajectory
(red solid line) and the classical trajectory (blue dashed line) for
tunneling through the parabolic potential barrier (105) for V0 = 2ε0,
ε0 = Ip with the numerical parameters κ = 90, and β = 1/30. (b)
The coordinate z as a function of x for tunneling through a parabolic
potential barrier in the presence of a magnetic field.
delay remains which is detectable at a remote detector. This
time delay is induced at the entering the barrier and equals by
magnitude τ = 1/(2
√
(V0 − ε0)ε0).
C. Parabolic potential
As a last example we examine the Wigner time delay for
tunneling through a parabolic potential barrier
V(x) = θ(x)
(
−βκ4x2 + V0
)
, (105)
with a dimensionless parameter β. In this case, the exact solu-
tion for region x ≥ 0 is given by
u2(x, ε) = T D
−12 − i(V0 − ε)√2√βκ2 ,−(−2)3/4xβ1/4κ
 , (106)
with the transmission coefficient T and D denoting parabolic
cylinder functions [58]. The Wigner and the classical trajecto-
ries for tunneling through the parabolic potential are compared
in Fig. 15(a). Qualitatively the Wigner time delay behaves as
for the linear potential. In the barrier close to the exit a time de-
lay is built up which is reduced after tunneling and eventually
a small non-vanishing Wigner time delay remains.
In analogy to Sec. VI A we add to the parabolic potential
(105) a static magnetic field in the region x > 0 and investigate
the spatial drift due to the magnetic field in the Wigner time
delay. Introducing the vector potential Az(x) = θ(x)E0x this
scenario can be described by the Hamiltonian
H =
p2x
2
+
[pz + Az(x)/c]2
2
+ V(x) . (107)
The canonical momentum that maximizes the tunneling proba-
bility equals pz = −0.15Ip/c. The coordinate z as a function
of x is shown in Fig. 15(b) for this canonical momentum. As
in the case of square potential with magnetic field, the spatial
shift between the classical and the Wigner trajectories is small.
VII. TIME DELAY IN TUNNEL-IONIZATION
The previous sections’ techniques can be also employed to
analyze tunnel-ionization in Hydrogenic ions as considered
in Sec. IV. The fundamental difference between the above
one-dimensional model systems and tunnel-ionization in Hy-
drogenic ions is that in the former cases there is a source that
produces a positive current incident to the tunneling barrier.
In the latter case, however, a bound state tunnels through a
barrier and consequently the continuum wave function has to
be matched with the bound state wave function (instead of the
incident and the reflected plane waves as in the model systems).
In the model systems of Sec. VI the Wigner trajectory and the
classical trajectory coincide before they enter the tunneling
barrier.
This, however, is no longer true for tunnel-ionization from
bound states, which can be explained by observing that some
portion of the bound state resides always in the barrier. In order
to define a meaningful Wigner time delay one has to match the
classical trajectory with the Wigner one at the entry point x0.
As a consequence, the Wigner trajectory for tunnel-ionization
τTI(x) may be defined via the relation
τTI(x) = τ(x) − τ(x0) . (108)
Hence the corresponding the Wigner time delay for the tunnel-
ionization is identified as
τW = τc(∞) − τTI(∞) (109)
with the classical trajectory τc(x). Since the coefficients that
match the bound wave function and the continuum wave func-
tion are position independent the Wigner trajectory τTI(x) for
tunnel-ionization is solely determined by the phase of the wave
function which is the solution of the corresponding Schro¨dinger
equation for the potential
V(x) = θ(x − x0)(xE0 − κ/x) (110)
and represents asymptotically a plane wave. Although, there is
no analytical solution for this potential approximate solutions
can be found in limiting cases which we will discuss in this
section.
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FIG. 16. (Color online) (a) The potential barrier (110) (red solid line)
and its linear approximation (112) (blue dashed line) in the deep-
tunneling regime. The blue dotted line indicates the energy level
of the bound state with ε = −Ip. (b) The Wigner trajectory (red
solid line) and the classical trajectory (blue dashed line) in the deep-
tunneling regime for nonrelativistic tunnel-ionization with κ = 90 and
E0/Ea = 1/30. Vertical black line indicates the exit coordinate.
A. Nonrelativistic case
In the one-dimensional tunneling picture, the relevant
Schro¨dinger equation with the electric dipole approximation is
given by (
−1
2
d2
dx2
+ xE0 − κ|x|
)
ψ(x) = ε ψ(x) . (111)
When the tunneling-potential is of sufficient height (deep-
tunneling regime) the potential barrier (110) can be approxi-
mated near the tunneling exit point xe by a linear potential
V(x) = V(xe) + V ′(xe)(x − xe) , (112)
see Fig. 16(a). With this approximation the problem of tunnel-
ionization in Hydrogenic ions resembles the case of a linear
potential as discussed in Sec. VI B. Therefore, in the deep-
tunneling regime, the solution of the Schro¨dinger equation is
given by the Airy function
ψ(x) = Ai
(
e−2pii/3
−2xV ′(xe) − 2 (ε + V(xe) − xeV ′(xe))
22/3 (−V ′(xe))2/3
)
.
(113)
Note, that the potentials considered in Sec. VI B and here
differ in their positions, heights, and slopes. The comparison
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FIG. 17. (Color online) (a) The tunneling barrier (110) (red solid line),
its linear approximation (112) (blue dashed line), and the quadratic
approximation (114) (black dash-dotted line) in the near-threshold-
tunneling regime. The blue dotted line indicates the energy level
of the bound state with ε = −Ip. (b) The Wigner (red solid line)
and the classical trajectories (blue dashed line) in the near-threshold-
tunneling regime for nonrelativistic tunnel-ionization with κ = 90 and
E0/Ea = 1/17. Vertical black line indicates the exit coordinate.
between the Wigner trajectory and the classical trajectory are
plotted in Fig. 16(b). In contrast to the linear potential case of
Sec. VI B the Wigner trajectory catches up the classical one at
far distance and consequently the Wigner time delay vanishes.
When the electric field strength is increased but the dynamics
still remains in the tunneling regime the linear approximation
(112) becomes invalid. We may call this regime near-threshold-
tunneling regime of ionization. In this regime the potential
may be approximated by including the next quadratic term
V(x) = V(xe) + V ′(xe)(x − xe) + V ′′(xe) (x − xe)
2
2
, (114)
see Fig. 17(a). As a consequence, the solution of the
Schro¨dinger equation in the near-threshold-tunneling regime is
given in the form of parabolic cylinder function as
ψ(x) = D (a, b) (115a)
with
a = −
i
(
V ′(xe)2 −
(
2ε + 2V(xe) + i
√
V ′′(xe)
)
V ′′(xe)
)
2V ′′(xe)3/2
,
(115b)
b =
(1 − i) (V ′(xe) + (x − xe)V ′′(xe))
V ′′(xe)3/4
. (115c)
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Comparison of the Wigner and the classical trajectories in the
near-threshold-tunneling regime is shown in Fig. 17(b). A
non-vanishing Wigner time delay exists in this case due to the
parabolic character of the potential barrier near the tunneling
exit xe.
B. Magnetic dipole effects
When the laser’s magnetic field is taken into account, tunnel-
ionization in Hydrogenic systems can be described by a one-
dimensional model if one introduces a position dependent
energy level inside the barrier as discussed in Sec. IV. In this
one-dimensional model the role of the curvature of the potential
barrier and, therefore, its approximations are the same as in the
nonrelativistic case within the electric dipole approximation.
As for the square and the parabolic potentials with magnetic
field we calculate the Wigner time delay when the tunneling
probability is maximal. This happens at a certain non-vanishing
momentum along the laser’s propagation direction.
The leading term in 1/c is the magnetic dipole correction.
Including the latter into the Schro¨dinger equation in the electric
dipole approximation yields[
−1
2
d2
dx2
+
(pz − xE0/c)2
2
+ xE0 − κ|x|
]
ψ(x) = εψ(x) .
(116)
As a consequence of the presence of the vector potential term,
for both deep-tunneling and near-threshold-tunneling regimes,
the relevant solutions are given by parabolic cylinder func-
tions. Since the quadratic approximation covers also the deep-
tunneling regime, in the former case the solution yields
ψ(x) = D (a, b) (117a)
with
a =
c
(
−cV ′′(xe)
√
c2V ′′(xe) + E20 − E20
√
E20/c
2 + V ′′(xe)
)
2
(
c2V ′′(xe) + E20
)3/2
+
c3
(
V ′′(xe)
(
p2z + 2V(xe) − 2ε
)
− V ′(xe)2
)
2
(
c2V ′′(xe) + E20
)3/2
+
c (−2cE0pz (V ′(xe) − xeV ′′(xe)))
2
(
c2V ′′(xe) + E20
)3/2
+
c
(
E20
(
x2eV
′′(xe) − 2 (xeV ′(xe) + ε) + 2V(xe)
))
2
(
c2V ′′(xe) + E20
)3/2 , (117b)
b = −
i
√
2
(
c2(x − xe)V ′′(xe) + c2V ′(xe) + E0(cpz + E0x)
)
c2
(
E20/c
2 + V ′′(xe)
)3/4 .
(117c)
In the deep-tunneling regime, where the potential barrier is
approximately linear, the Wigner time delay vanishes as plotted
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FIG. 18. (Color online) Comparison of the Wigner (red solid line)
and the classical trajectories (blue dashed line) for tunnel-ionization
taking into account leading effects in 1/c (magnetic dipole effects):
(a) for the deep-tunneling regime with the most probable momentum
at the exit qz(xe) = 0.28Ip/c, κ = 90 and E0/Ea = 1/30; (b) for the
near-threshold-tunneling regime with qz(xe) = 0.12Ip/c, κ = 90 and
E0/Ea = 1/17. Corresponding classical and Wigner trajectories z
as a function of x are presented in sub-figure (c) for parameters of
sub-figure (b). Vertical black lines indicate the exit coordinate.
in Fig. 18(a). However, when tunneling happens in the near-
threshold-tunneling regime, there exists a non-zero Wigner
time delay, see Fig. 18(b). Its order of magnitude equals the
result of the nonrelativistic near-threshold-tunneling regime
ionization, compare Figs. 17(b) and 18(b). Moreover, due to
the non-vanishing Wigner time delay, a spatial shift between
the classical trajectory and the Wigner trajectory along the
laser’s propagation direction is expected because of the Lorentz
force. Both trajectories are shown in Fig. 18(c).
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FIG. 19. (Color online) Comparison of the Wigner trajectory (red
solid line) and the classical trajectory (blue dashed line) for tunnel
ionization taking into account kinematic relativistic effects for the
deep-tunneling regime employing nonrelativistic (part (a)) and rela-
tivistic (part (b)) parameters. In both parameter regimes no non-zero
time delay is detectable at remote distance. Vertical black line indi-
cates the exit coordinate.
C. Relativistic effects
In order to investigate relativistic effects in the relevant
weakly relativistic regime, the leading relativistic corrections
to the kinetic energy are expected to be dominant with regard to
the Wigner time delay. For simplicity, the exact Klein-Gordon
equation is solved where, however, the higher order relativistic
effects play no significant role in our scenario. Other lead-
ing relativistic effects in 1/c2 as those dependent on the spin
and on the magnetic field are conjectured to be smaller than
the leading relativistic correction to the kinetic energy. In
our one-dimensional intuitive picture of Sec. IV, the relevant
corresponding Klein-Gordon equation yields(
−c2 d
2
dx2
+ c4
)
ψ(x) = (ε − V(x))2 ψ(x) . (118)
with the potential barrier (110).
In the deep-tunneling regime, we can linearize the potential
barrier, i. e., V(x) = V(xe) + V ′(xe)(x − xe). The corresponding
solution which has asymptotically the form of a plane wave
reads
ψ(x) = D (a, b) (119a)
with
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FIG. 20. (Color online) The scaled Wigner time delay τWIp as a
function of Ip for different values of E0/Ea for tunnel-ionization
taking into account relativistic kinematic effects (solid lines) and
for nonrelativistic tunnel-ionization (dashed lines) for the zero-range
potential. Note the increasing small deviations of the scaled Wigner
time delay with increasing Ip(relativistic effects).
a = −1
2
+
ic3
2V ′(xe)
, (119b)
b = − (1 + i) ((x − xe)V
′(xe) + V(xe) − ε)√
c
√
V ′(xe)
. (119c)
For the deep-tunneling regime, where the Wigner time delay
is zero in the nonrelativistic case, the relativistic corrections
to the kinetic energy are also not able to induce a non-zero
Wigner time delay as illustrated in Fig. 19.
As pointed out in Sec. VII A an analysis of tunneling from
a Coulomb potential in the near-threshold-tunneling regime
employs best a quadratic fitting of the tunneling barrier in the
vicinity of the tunneling exit. However, there is still no ana-
lytic solution to this problem. Therefore, we replace now the
Coulomb potential again with a zero-range potential rendering
the linear approximation applicable again apart for the singular
position of the core. Note that the high nonlinearity of the ef-
fective potential barrier near the core is still maintained. Then,
the solution indicates that the leading relativistic correction to
the kinetic energy has a negligible effect on the Wigner time
delay as illustrated in Fig. 20. In this figure, the scaled Wigner
time delay τWIp for the nonrelativistic (dashed lines) as well
as relativistic case (solid lines) is shown for different values of
Ip and of E0/Ea.
D. Intuitive explanation of the Wigner time delay
Finally, we address the formal definition of deep-tunneling
and near-threshold-tunneling and clarify the reason of the dif-
fering behavior of the Wigner time delay in these regimes. A
general rule for the validity of the linear approximation, which
allows us to neglect the quadratic and the higher-order terms
in the expansion of the potential barrier, can be given via the
condition ∣∣∣∣∣V ′′(xe)V ′(xe) δx
∣∣∣∣∣  1 (120)
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on the characteristic distance δx that will be quantified later.
Indeed, this condition defines the deep-tunneling regime. The
regime, which meets the condition∣∣∣∣∣V ′′(xe)V ′(xe) δx
∣∣∣∣∣ ∼ 1 (121)
is identified as the near-threshold-tunneling regime. In the
latter case the potential has to be approximated by including
also at least the quadratic term which is sufficient unless it is
too close to the threshold
V(x) = V(xe) + V ′(xe)(x − xe) + V ′′(xe) (x − xe)
2
2
. (122)
In Sec. VII we characterized the Wigner time delay as the
asymptotic deviation of the maximum of the wavepacket po-
sition from its corresponding classical path. Therefore, the
typical distance δx can be identified with the deviation of the
maximum of the wavepacket position with respect to the clas-
sical one, viz. x = xe + δx, and similarly for the momentum
p = pe + δp, with xe and pe denoting the classical position and
momentum at the tunnel exit. The typical distance δx may be
estimated by considering the Hamiltonian for a nonrelativistic
particle which tunnels trough a potential barrier V(x). The
corresponding Schro¨dinger Hamiltonian
H =
p2
2
+ V(x) (123)
can be written in terms of δx and δp as
δp2
2
+ δx V ′(xe) = 0 , (124)
with V(xe) = −Ip and pe = 0. Employing the uncertainty
relation δx δp ∼ 1, the deviation from the classical trajectory
is obtained as
|δx| ∼
∣∣∣V ′(xe)−1/3∣∣∣ . (125)
Inserting Eq. (125) into Eq. (120), the condition for the validity
of the linear approximation reads∣∣∣∣∣ V ′′(xe)V ′(xe)4/3
∣∣∣∣∣  1. (126)
The latter condition which also quantifies the transition regime
between the deep-tunneling and the near-threshold-tunneling
regime can be also expressed via the parameter E0/Ea in the
case of the one-dimensional potential (111) as(
16E0
Ea
)5/3
 1 . (127)
For instance, (16E0/Ea)5/3 ≈ 0.3 for the deep tunneling regime
with E0/Ea = 1/30, whereas (16E0/Ea)5/3 ≈ 0.9 for the near-
threshold-tunneling regime with E0/Ea = 1/17. In the case of
a short-range atomic potential, where V ′′(xe) = 0, the condition
of the near-threshold-tunneling regime, Eq. (126), should be
modified. The tunneling potential is not linear in this case due
to the edge of the triangular shaped effective barrier which
becomes essential for the tunneling time at δx ∼ xe. Therefore,
in the case of a short-range atomic potential Eq. (127) is
replaced by δx/xe ∼ (E0/Ea)2/3  1.
It should be noted here that the nonrelativistic Schro¨dinger
equation (
−1
2
∇2 + xE0 − κr
)
ψ(x) = ε ψ(x) (128)
can be separated in cylindrical parabolic coordinates such that
the three-dimensional problem reduces effectively to a one-
dimensional one with the one-dimensional potential for the
ground state[27, 59]
V(ζ) = − 1
4ζ
− 1
8ζ2
− 1
8
E0ζ . (129)
A calculation of the tunneling time delay utilizing the potential
(129) instead of (110) would give qualitatively the same results
in both tunneling regimes because both potentials have the
same behavior in the continuum range of the potential barrier.
The quantitative difference comes only from a numerical value
in the transition regime between the deep-tunneling and the
near-threshold-tunneling regime. Namely, the condition (127)
can be written for the potential (129) as(
9E0
Ea
)5/3
 1 (130)
where E0/Ea = 1/9 is in the border between tunnel-ionization
and over-the-barrier ionization.
Further, this classification of tunneling regimes allows to for-
mulate a condition for a non-zero Wigner time delay. When the
potential barrier is linear on the typical distance δx around the
exit, i.e., in the deep tunneling regime, the time delay vanishes
at far distances. If this is not the case, in the near-threshold-
tunneling regime, a non-zero tunneling time is expected. This
is consistent with our results in Fig. 20.
To sum up, a possible experimental verification of the tunnel-
ing time delay is expected to be feasible in the near-threshold-
tunneling regime. This delay is approximately proportional to
1/Ip as shown in Fig. 20.
VIII. CONCLUSIONS
We have carried out an investigation of the relativistic regime
of tunnel-ionization with an emphasis on the role of the under-
the-barrier dynamics. In the quasistatic limit, the potential
barrier of relativistic tunneling can be defined in a gauge in-
variant manner by means of an analysis of the physical energy
operator. In contrast to the nonrelativistic case, relativistic
tunnel-ionization in the quasistatic limit is modeled as tun-
neling through a potential barrier in an additional magnetic
field. We showed that this problem can be reduced to one-
dimensional tunneling with a coordinate dependent energy.
The momentum distributions of the ionized electron wave
packet at the tunnel exit have been calculated using the SFA.
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We showed that the Lorentz force due to the magnetic field
during the under-the-barrier motion induces a momentum shift
of the electron in the laser’s propagation direction.
In the second part of the paper, the problem of tunneling
time delay has been considered. Although, there is no well-
defined time operator in quantum mechanics, it is possible to
infer information about the tunneling time delay via tracing
the peak of the wave packet, which brings in the so-called
Wigner time concept. The Wigner time formalism was applied
to nonrelativistic as well as to relativistic tunnel-ionization. It
was shown that the Wigner time formalism can be simplified
further for the tunnel-ionization process, due to the fact that the
quasiclassical trajectory starts at the entry point of the barrier.
In the nonrelativistic case, it was illustrated that the Wigner
time delay vanishes for the deep-tunneling regime when the po-
tential barrier at the tunneling exit can be approximated solely
by its tangent line. At larger laser field strengths, in the near-
threshold-tunneling regime of tunnel-ionization, the potential
barrier is not linear in coordinate at the tunnel exit. Conse-
quently, the Wigner time delay is preserved at far distances.
Finally, our results were extended to the relativistic regime. It
was shown that the Wigner time delay is characterized mainly
by the nonrelativistic dynamics.
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